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THREE-DIMENSIONAL MANIFOLDS WITH POOR SPINES
E. A. FOMINYKH, V. G. TURAEV, A. YU. VESNIN
Abstract. A special spine of a three-manifold is said to be poor if it
does not contain proper simple subpolyhedra. Using the Turaev–Viro
invariants, we establish that every compact three-dimensional manifold
M with connected nonempty boundary has a finite number of poor
special spines. Moreover, all poor special spines of the manifold M have
the same number of true vertices. We prove that the complexity of
a compact hyperbolic three-dimensional manifold with totally geodesic
boundary that has a poor special spine with two 2-components and n
true vertices is n. Such manifolds are constructed for infinitely many
values of n.
1. Introduction
The notion of complexity of a 3-manifold was introduced by S. Matveev
and plays an important role in the theory of 3-manifolds [1]. The tabulation
of 3-manifolds of given complexity and the calculation of the exact values of
complexity for large classes of manifolds provide a natural approach to the
manifold classification problem. The problem of calculating the complexity
of manifolds is quite difficult. At present, the exact values of complexity are
known only for a finite number of tabulated manifolds [2, 3, 4] and for several
infinite families of manifolds with boundary [5, 6, 7, 8], closed manifolds
[9, 10], and cusped manifolds [11, 12]. Estimates for the complexity of some
infinite families of manifolds were obtained in [13, 14, 15, 16, 17].
In this paper, we prove that if a hyperbolic 3-manifold with totally geo-
desic boundary has a poor special spine with two 2-components and n true
vertices, then its complexity is n (Theorem 4). We construct examples of
such manifolds for infinitely many values of n. These examples give a new
infinite family of 3-manifolds for which the exact values of complexity are
known.
The paper is organized as follows. In Section 2, we present the basic
notions of the complexity theory of 3-manifolds. In Section 3, we introduce
the notion of a poor spine, give examples of hyperbolic 3-manifolds with
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totally geodesic boundary that have poor special spines, and study the ex-
istence of poor spines in manifolds. In Section 4, we establish that every
compact 3-manifold with nonempty boundary has a finite number of poor
special spines and that these spines have the same number of true vertices
(Proposition 4). In Section 5, we introduce classes Mkn of hyperbolic mani-
folds with totally geodesic boundary that have poor special spines with the
number of 2-components equal to k and the number of true vertices equal
to n. We prove a theorem on the complexity of manifolds in the classesM2n.
In Section 6, we construct an infinite family of such manifolds.
2. Polyhedra and spines of 3-manifolds
Recall the definitions of simple and special polyhedra (we follow the
book [1]).
Definition. A compact polyhedron P is said to be simple if the link of each
of its points x ∈ P is homeomorphic to one of the following one-dimensional
polyhedra:
(a) a circle (in this case the point x is said to be nonsingular);
(b) a union of a circle and a diameter (in this case the point x is called
a triple point);
(c) a union of a circle and three radii (in this case the point x is called
a true vertex ).
We will call the points of types (b) and (c) singular points. The set of
singular points of a simple polyhedron P is called its singular graph and is
denoted by SP . In the general case, the set SP is not a graph on the set
of true vertices of the polyhedron P , because SP may contain closed triple
lines without true vertices. If there are no closed triple lines, then SP is
a 4-regular graph (each vertex is incident to exactly four edges) that may
have loops and multiple edges.
Every simple polyhedron has a natural stratification. The strata of di-
mension 2 (2-components) are the connected components of the set of non-
singular points. The strata of dimension 1 are the open or closed triple lines.
The strata of dimension 0 are the true vertices. It is natural to require that
each stratum be a cell, i.e., that a polyhedron P be a cell complex.
Definition. A simple polyhedron P is said to be special if the following
conditions are satisfied:
(1) each one-dimensional stratum of the polyhedron P is an open 1-cell;
(2) each 2-component of the polyhedron P is an open 2-cell.
It is obvious that if the polyhedron P is connected and contains at least
one true vertex, then condition (2) implies condition (1).
Definition. Let M be a connected compact 3-manifold. A compact two-
dimensional polyhedron P ⊂M is called a spine of M if either ∂M 6= ∅ and
M\P is homeomorphic to ∂M×(0, 1] or ∂M = ∅ and M\P is homeomorphic
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to an open ball. A spine of a disconnected 3-manifold is the union of spines
of its connected components.
Definition. A spine of a 3-manifold is said to be simple or special if it is
a simple or special polyhedron, respectively.
The importance of studying special spines of 3-manifolds is associated
with the following facts.
Theorem 1. [18] Any compact 3-manifold has a special spine.
Theorem 2. [1] If two compact connected 3-manifolds have homeomorphic
special spines and both manifolds are either closed or have nonempty bound-
aries, then these manifolds are homeomorphic.
Note that not any special polyhedron defines a 3-manifold. Namely, there
exist unthickenable polyhedra that cannot be embedded in 3-manifolds [1].
A compact polyhedron P is said to be almost simple if the link of each of
its points can be embedded in a complete graph K4 on four vertices. The
points whose links are homeomorphic to the graph K4 are true vertices of
the polyhedron P . A spine of a manifold is said to be almost simple if it is an
almost simple polyhedron. We say that the complexity c(M) of a manifold
M is equal to n if M has an almost simple spine with n true vertices and
has no almost simple spines with a smaller number of true vertices.
Theorem 3. [1] Suppose that a compact irreducible boundary-irreducible 3-
manifold M is such that M 6= D3, S3,RP 3, L3,1 and all proper annuli in M
are inessential. Then, for any almost simple spine P of M , one can find a
special spine P1 of M with a smaller or the same number of true vertices.
In particular, this theorem applies to compact hyperbolic 3-manifolds.
Thus, for such manifolds, the spines on which the minimum number of true
vertices is attained can be sought in the class of special spines.
Now, following [6], we describe the relation between special spines and
triangulations of compact manifolds. An ideal tetrahedron is a tetrahedron
with removed vertices. By an ideal triangulation of a compact manifold M
with boundary one means a representation of the interior of M as a set
of ideal tetrahedra glued together via pairwise identifications of their faces.
Each ideal triangulation of a manifold M naturally defines a dual special
spine. Namely, suppose that the manifold M is obtained by gluing ideal
tetrahedra T1, . . . , Td. In each tetrahedron Ti, consider a union Ri of the
links of all four (removed) vertices of the tetrahedron in its first barycentric
subdivision (see Fig. 1). To the gluing of the tetrahedra T1, . . . , Td, one
assigns the gluing of the polyhedra R1, . . . , Rd. As a result, one obtains a
special spine P = ∪di=1Ri of the manifold M . The above assignment induces
a bijection between ideal triangulations (considered up to equivalence) and
special spines (considered up to homeomorphisms).
Recall the notion of a hyperbolic truncated tetrahedron [6]. Let T be
a tetrahedron and T ∗ be a combinatorial polyhedron obtained from T by
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Figure 1. Tetrahedron Ti and polyhedron Ri.
removing sufficiently small open stars of its vertices. A lateral hexagon and a
truncation triangle are the intersection of T ∗ with a face and a link of a vertex
of T , respectively. The edges of truncation triangles are called boundary
edges, and the other edges of T ∗ are called internal edges. A hyperbolic
truncated tetrahedron is the realization of T ∗ as a compact polyhedron in H3
such that the truncation triangles are geodesic triangles, the lateral hexagons
are geodesic hexagons, and the truncation triangles and lateral hexagons lie
in the planes making right angles with each other. A truncated tetrahedron
is said to be regular if all its dihedral angles at internal edges are equal.
For every θ such that 0 < θ < pi/3, there exists a unique regular truncated
tetrahedron T ∗θ with dihedral angle θ. The lengths of all lateral edges in T
∗
θ
are equal, just as the lengths of all internal edges.
Formulas for the volume of a regular truncated hyperbolic tetrahedron
were obtained in [19]. The first of them is
(1) vol(T ∗θ ) = 8Λ
(pi
4
)
− 3
∫ θ
0
arccosh
(
cos t
2 cos t− 1
)
dt,
where Λ(x) = − ∫ x0 ln |2 sin ζ|dζ is the Lobachevsky function. The second
formula express the volume in terms of values of the Lobachevsky function:
(2)
vol(T ∗θ ) = 6
[
Λ
(pi
3
+ ϕ
)
− Λ
(pi
3
− ϕ
)
+ Λ
(
5pi
6
− ϕ
)
+ Λ
(pi
6
− ϕ
)
+Λ
(
θ
2
+ ϕ
)
− Λ
(
θ
2
− ϕ
)
+ 2Λ
(pi
2
− ϕ
)]
,
where ϕ = arctan
√
1−3 sin2 θ/2
cos θ/2 .
3. Poor spines
Among all simple polyhedra, we distinguish a class of those that do not
contain proper simple subpolyhedra.
Definition. A simple polyhedron is said to be poor if it does not contain
proper simple subpolyhedra.
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It follows from the definition that a poor polyhedron is always connected.
Below we will consider only connected simple polyhedra.
Definition. A simple spine of a 3-manifold is said to be poor if it is a poor
polyhedron.
It is obvious that if a manifold is disconnected, then any of its simple
spines is not poor. Below we will consider only connected manifolds. We
will focus on the special spines of these manifolds.
Lema 1. Any special polyhedron with one 2-component is poor.
Proof. Indeed, suppose that a special polyhedron P has exactly one 2-
component, which we denote by ξ. If a simple polyhedron Q ⊂ P contains
at least one point of the 2-component ξ of P , then ξ ⊂ Q by the compactness
of simple polyhedra. Hence, the polyhedron Q is either empty or coincides
with P . 
Consider examples of 3-manifolds that have special spines with one 2-
component.
Example 1. In [6], for every n ≥ 2, the authors defined and studied a class
Mn. An orientable 3-manifold belongs to the class Mn if it has a special
spine with n true vertices and exactly one 2-component. Manifolds of the
class Mn possess the following characteristic properties. If M ∈ Mn, then
the manifold M is hyperbolic with totally geodesic boundary of genus n, its
complexity c(M) is equal to n, and its volume is calculated by the formula
(3) vol(M) = n ·
[
8Λ
(pi
4
)
− 3
∫ pi/(3n)
0
arccosh
(
cos t
2 cos t− 1
)
dt
]
.
The number of manifolds in Mn grows exponentially as n→∞.
Example 2. M. Fujii [20] showed that there exist exactly eight different
compact orientable hyperbolic 3-manifolds with totally geodesic boundary
which are obtainable by gluing together two hyperbolic truncated tetrahe-
dra, and that the boundary of each of them is a surface of genus 2. He
gave explicit descriptions of truncated triangulations of these manifolds. It
follows from the formula for the Euler characteristic that the special spines
dual to the triangulations have one 2-component. Thus, Fujii’s eight man-
ifolds constitute the class M2 from Example 1. By Lemma 1, their spines
are poor.
Example 3. In [3], R. Frigerio, B. Martelli, and C. Petronio classified com-
pact orientable hyperbolic 3-manifolds with totally geodesic boundary that
have complexity 3 and 4. Truncated triangulations of these manifolds (which
are not necessarily minimal) are presented on the homepage of C. Petro-
nio [21]. There are 150 manifolds of complexity 3. Among them 74 man-
ifolds have boundary of genus 3 and belong to the class M3 described in
Example 1. Hence, they have poor special spines. The results of computer
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analysis carried out by V.V. Tarkaev have allowed us to find out that among
special spines dual to the remaining 76 truncated triangulations, 45 spines
are poor (see Table 1).
Table 1. Number of poor spines of manifolds of complexity 3
Genus of the boundary Total number of spines Number of poor spines
3 74 74
2 76 45
Total 150 119
There are 5002 manifolds of complexity 4. Among them, 2340 manifolds
have boundary of genus 4 and belong to the class M4 described in Exam-
ple 1. Hence, they have poor special spines. 2034 manifolds have boundary
of genus 3, and 628 manifolds have boundary of genus 2. The computer anal-
ysis carried out by V.V. Tarkaev has allowed us to find out that among 2662
special spines dual to the truncated triangulations of these manifolds, 2010
spines are poor. More detailed data according to the type of the Kojima
decomposition are given in Table 2.
Table 2. Number of poor spines of manifolds of complexity 4
Genus Kojima decomposition Total number Number
of the boundary of spines of poor spines
4 2340 2340
3 Four tetrahedra 1936 1421
3 Five tetrahedra 42 0
3 pi/6-octahedron 56 0
2 Four tetrahedra 555 525
2 Five tetrahedra 41 33
2 Six tetrahedra 3 3
2 Eight tetrahedra 3 3
2 pi/3-octahedron 14 13
2 Octahedron 8 8
2 Two pyramids 4 4
Total 5002 4350
Note the following fact obtained from the analysis of Table 2.
Remark 1. A poor special spine of a hyperbolic 3-manifold may not be
minimal with regard to the number of true vertices.
The notion of a poor spine introduced above allows us to reformulate
Corollary 12 from [22] as follows.
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Proposition 1. Among all special spines of closed 3-manifolds, there exists
exactly one poor spine, the minimal special spine of the lens space L5,2.
Proposition 2. Let M be a connected compact 3-manifold whose boundary
consists of k ≥ 2 components. Then no special spine of the manifold M is
poor.
Proof. Let P be a special spine of M . Then the space M \ P consists of
k ≥ 2 connected components. Denote by B1 one of these components and
by B2 the union of the remaining components. Assign blue color to those
2-components of the spine P that lie in the intersection of the closure of the
space B1 with the closure of the space B2. Then the union of the closures of
blue 2-components of the spine P is a proper simple subpolyhedron of this
spine. 
Corollary 1. Let a 3-manifold M have a poor special spine P different from
the minimal special spine of the lens space L5,2. Then the boundary of M
has exactly one component and this component is different from the sphere.
4. Finiteness of the number of poor spines of a manifold
A particular case of the Turaev–Viro invariants of 3-manifolds [23] is the
ε–invariant, which is defined as follows (see [1]). Let P be a special spine of a
compact manifold M . Denote by F(P ) the set of all its simple subpolyhedra,
including P and the empty set. To each simple polyhedron Q ⊂ P , assign
its ε-weight by the formula
wε(Q) = (−1)V (Q)εχ(Q)−V (Q),
where V (Q) is the number of true vertices in Q, χ(Q) is the Euler character-
istic of the polyhedron Q, and ε = (1 +
√
5)/2 is a solution of the equation
ε2 = ε+ 1. Then the ε-invariant t(M) of the manifold M is defined by the
formula
t(M) =
∑
Q∈F(P )
wε(Q).
It is known that the Euler characteristic χ(M) of a compact manifold M
with nonempty boundary is equal to the Euler characteristic χ(P ) of any of
its spines. The definition of the ε-invariant implies the following proposition.
Proposition 3. Let M be a compact 3-manifold that has a poor special
spine with V true vertices. Then
t(M) = (−1)V εχ(M)−V + 1.
Proof. Let P be a poor special spine of M with V true vertices. Then
F(P ) = {∅, P}. The assertion follows from the facts that wε(∅) = 1 and
wε(P ) = (−1)V εχ(M)−V . 
Proposition 4. Every compact 3-manifold M with connected nonempty
boundary has a finite number of poor special spines. All poor special spines
of the manifold M have the same number of true vertices.
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Proof. Let P1 and P2 be poor special spines of the manifold M that have V1
and V2 true vertices, respectively. Let us calculate the value of t(M) by the
formula from Proposition 3 in two ways, using the spines P1 and P2. Then
(−1)V1εχ(M)−V1 = (−1)V2εχ(M)−V2 ,
whence V1 = V2. Thus, all poor special spines of the manifold M have the
same number of true vertices.
The finiteness of the number of poor special spines of the manifold M
follows from the theorem on the finiteness of the number of special spines
with a fixed number of true vertices [1]. 
5. Complexity of hyperbolic manifolds with poor spines
Introduce a class of manifolds Mkn, where k ≥ 1 and n ≥ 1.
Definition. A connected compact orientable hyperbolic 3-manifold M with
nonempty totally geodesic boundary belongs to the classMkn if it has a poor
special spine with the number of 2-components equal to k and the number
of true vertices equal to n.
Proposition 5. If k ≥ n, then Mkn = ∅.
Proof. Suppose that the classMkn is nonempty and contains a manifold M .
Then M has a poor special spine P with the number of 2-components equal
to k and the number of true vertices equal to n. Hence, χ(M) = χ(P ) =
k−n. Since the boundary ∂M is totally geodesic and χ(M) = 12χ(∂M), we
have χ(M) < 0. Thus, k < n. 
Remark 2. By definition, for every n ≥ 2, the class of manifolds M1n
coincides with the class of manifolds Mn from Example 1. Hence, if M ∈
M1n, then c(M) = n.
The following theorem establishes exact values of complexity for manifolds
in the classes M2n.
Theorem 4. If M ∈M2n, n ≥ 3, then c(M) = n.
Proof. Since M ∈ M2n, there exists a poor special spine P of M with two
2-components and n true vertices. Thus, χ(M) = χ(P ) = 2 − n. By
Theorem 3, the manifold M has a special spine Q with c(M) true vertices.
Denote by m ≥ 1 the number 2-components of Q. Then χ(M) = χ(Q) =
m− c(M). Comparing the expressions for χ(M), we obtain
(4) m− 2 = c(M)− n.
Since c(M) ≤ n, it follows that m ≤ 2. Let us verify m 6= 1. Indeed, if
m = 1, then, by Lemma 1, the special spine Q is poor. In this case, it follows
from equality (4) that c(M) = n − 1, i.e., the poor special spines Q and P
have different numbers of true vertices. This contradicts Proposition 4.
Thus, m = 2. Hence, c(M) = n. 
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Remark 3. Recall the definition of a class of manifolds Hp,q introduced
in [8]. Namely, a connected orientable hyperbolic 3-manifold M with totally
geodesic boundary belongs to the class Hp,q if the following conditions are
satisfied:
(1) the boundary ∂M consists of q components;
(2) M has a special spine with the number of 2-components equal to p,
and M has no special spines with a smaller number of 2-components.
The definition of a poor special spine and Theorem 4 imply thatM2n ⊂ H2,1.
6. Examples of manifolds in the classes M2n
By Proposition 5, the classes M21 and M22 are empty. The classes M23
and M24 are not empty. Indeed, Table 1 shows that the class M23 contains
at least 45 manifolds, and Table 2 shows that the class M24 contains at
least 1421 manifolds. Below we show that the classesM2n are nonempty for
infinitely many values of n.
Let s ≥ 0 be an integer and n = 5 + 4s. We construct a plane 4-regular
graph Gn with decoration of vertices and edges as follows. The graph Gn
has n vertices, two loops, and n − 1 double edges. At each vertex of the
graph, over- and under-passing are specified (just as at a double point in
a knot diagram), and each edge is assigned an element of the cyclic group
Z3 = {0, 1, 2}. The decorated graph G5 is shown in Fig. 2. The graph G5
s s s s s1 10
1
1
1
0
0
0
1
Figure 2. Decorated graph G5.
has a block structure: it is composed of three subgraphs A, C, and E shown
in Fig. 3. We express this fact as G5 = A ·C ·E. Each of graphs A and E has
one 4-valent vertex and one 2-valent vertex. The graph C has one 4-valent
vertex and two 2-valent vertices. The decoration of the vertices and edges
of the graphs A, C, and E are induced by the decoration of the graph G5.
r r rrr
A
1
0
1
r r 1
E
0
1
C
1
1
0
0
Figure 3. Subgraphs A, C, and E of the graph G5.
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Denote graphs B and D as shown in Fig. 4. The graphs B and D have
the same combinatorial structure as the graph C and the same decoration
of vertices, however, they differ by the decorations of edges.
r r r
B
1
1
0
1
r r r
D
0
1
1
0
Figure 4. Graphs B and D.
Define a decorated graph Gn as a graph composed successively of the
subgraph A, s copies of the subgraph B, the subgraph C, s copies of the
subgraph D, and the subgraph E. In other words, Gn = A ·Bs · C ·Ds ·E.
The graph G9 is demonstrated in Fig. 5.
r r r r r r r r r
A B C D E
1 1
0
1
1
1
0
1
1
0
0
1
0
1
1
0
0
1
Figure 5. Decorated graph G9.
Note that the graphs Gn belong to the class of o-graphs defined in [24].
In that paper, R. Benedetti and C. Petronio presented an algorithm for
constructing a special polyhedron from an arbitrary o-graph and proved
that such a polyhedron is a special spine of a compact orientable 3-manifold
with nonempty boundary. Let Wn and Pn be a manifold and its special
spine, respectively, that are constructed from the o-graph Gn with the use
of the algorithm from [24].
Theorem 5. For every n = 5 + 4s, where s is a nonnegative integer, the
manifold Wn belongs to the class M2n.
Proof. In accordance with the definition of the class M2n, we show that
(1) the special polyhedron Pn has n true vertices and two 2-components
and is poor;
(2) he manifoldWn is a hyperbolic manifold with totally geodesic bound-
ary.
Let us prove assertion (1). According to the algorithm from [24] for
constructing a spine by an o-graph, to obtain a spine corresponding to the
graph Gn, one should replace the subgraphs A, B, C, D, and E by the
similarly named blocks shown in Fig. 6 and 7. As a result of such a join of
blocks, we obtain the spine Pn.
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AC
E
Figure 6. Blocks A, C, and E.
B
D
Figure 7. Blocks B and D.
According to the construction algorithm, the number of true vertices of
the spine Pn is equal to the number of vertices of the o-graph Gn, i.e., to n.
The curves shown in the figures of blocks are joined into closed curves. It
can be easily verified that for any n the number of closed curves is equal to
two. Since these closed curves correspond to 2-components of the spine, we
find that the number of 2-components of the spine Pn is equal to two.
Let us show that the special spine Pn is poor. If a simple polyhedron
Q ⊂ Pn contains at least one point of a 2-component ξ of the polyhedron
Pn, then ξ ⊂ Q by the compactness of simple polyhedra. Hence, to describe
a simple subpolyhedron, it suffices to indicate the 2-components contained
in it. Combinatorial analysis shows that none of the two 2-components of
the spine Pn defines a simple subpolyhedron.
Let us prove assertion (2). Using the duality between special spines of
manifolds with boundary and their ideal triangulations, we can assume that
Wn is glued from n truncated tetrahedra. Denote this triangulation by
T . In the same way as in [6], in order to endow Wn with a hyperbolic
structure, we identify each tetrahedron of the triangulation T with a copy
of a regular truncated hyperbolic tetrahedron T ∗2pi/(3n) with dihedral angles
2pi/(3n). Since all faces of T ∗2pi/(3n) are identical symmetric hexagons, each
pairwise identification of faces of tetrahedra in T can be realized by an
isometry that identifies faces of the copies of T ∗2pi/(3n). In the construction
of the manifold Wn, all edges of the tetrahedra in T form two classes of
equivalent edges corresponding to two 2-components of the spine Pn. It is
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easily seen from the construction of the spine Pn that the number of edges of
the tetrahedra of the triangulation in each equivalence class is 3n. Since the
dihedral angles of the tetrahedron T ∗2pi/(3n) are equal to 2pi/(3n), we conclude
that Wn is a hyperbolic manifold. Since the boundary ∂Wn is glued from
triangular faces of copies of the truncated hyperbolic tetrahedra T ∗2pi/(3n)
each of which is orthogonal to the adjacent hexagonal faces, the boundary
∂Wn is totally geodesic. 
Remark 4. Since the manifold Wn defined by the spine Pn is glued from
n regular truncated tetrahedra with dihedral angles 2pi/(3n), its volume is
calculated by the formula
(5) vol(Wn) = n · vol(T ∗2pi/(3n)),
where the volume vol(T ∗2pi/(3n)) can be found by formula (1) as well as by
formula (2).
Corollary 2. The classesM2n are nonempty for an infinite number of values
of n.
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